Abstract Miniature heat exchangers are used to provide higher cooling capacity for new technologies. This means a reduction in their size and cost but the identical power. The paper presents the method for determination of boiling heat transfer coefficient for a rectangular minichannel of 0.1 mm depth, 40 mm width and 360 mm length with asymmetric heating. Experimental research has focused on the transition from single phase forced convection to nucleate boiling, i.e., the zone of boiling incipience. The 'boiling front' location has been determined from the temperature distribution of the heated wall obtained from liquid crystal thermography. The experiment has been carried out with R-123, mass flux 220 kg/(m 2 s), pressure at the channel inlet 340 kPa. Local values of heat transfer coefficient were calculated on the basis of empirical data from the experiment following the solution of the two-dimensional inverse heat transfer problem. This problem has been solved with the use of the finite element method in combination with Trefftz functions. Temperature approximates (linear combinations of Trefftz functions) strictly fulfill the governing equations. In presented method the inverse problem is solved in the same way as the direct problem. The results * Corresponding Author. E-mail: tmpm@tu.kielce.pl 56 M. Piasecka and B. Maciejewska confirmed that considerable heat transfer enhancement takes place at boiling incipience in the minichannel flow boiling. Moreover, under subcooling boiling, local heat coefficients exhibit relatively low values.
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Miniature heat exchangers are used to provide higher cooling capacity for new technologies. This means a reduction in their size and cost but the identical power. Owing to the change of state, which accompanies flow boiling in minichannels, it is possible to meet contradictory demands simultaneously, i.e., to obtain a heat flux as large as possible at small temperature difference between the heating surface and the saturated liquid and, at the same time, retain small dimensions of heat transfer systems. Review of relevant literature and the selected publications covering heat transfer in minichannels is presented in [1] [2] [3] . Identification of heat transfer coefficient, presented in this article, belongs to the group of inverse heat conduction problems [4] [5] [6] . The inverse problem and the auxiliary direct problem were solved by means of the finite element method (FEM) in combination with the Trefftz method (FEMT). The idea of the Trefftz method was presented in [7] and consists in representing the approximate solution to the problem as a linear combination of functions which satisfy the governing equation strictly, while the set boundary conditions are satisfied approximately. Additional information on this method can be found in [8] [9] [10] [11] [12] . Combinations of Trefftz method and FEM was showed in [13] [14] [15] [16] [17] [18] [19] .
Main goal
The objectives of the experimental investigations and calculations discussed in the present article focus on the evaluation of the heat transfer model and numerical approach to solving the inverse boundary problem, and the calculation of local heat transfer coefficient using the FEM with Trefftz functions. The application of liquid crystal thermography enables the determination of a two-dimensional temperature distribution on the heating surface.
Experimental set-up
The essential part is the test section with a vertical minichannel (Fig. 1a,  4 ) of 1.0 mm depth, 40 mm width and 360 mm length [3] . The heating element for the working fluid (R-123) flowing along the minichannel is an alloy foil (3) stretched between the front cover (6) and the channel body (7) . It is possible to observe changes in the foil surface temperature through the opening covered with glass (1) . One side of the heating foil (between the foil and the glass) is covered with a base coat and liquid crystal paint (2) . The test section body (7) contains channels which are either fed with water (5), or which are the air gaps. On the surface of the quasiadiabatic wall (7) constant temperature is maintained (the arithmetic mean of the temperatures at the inlet and outlet of the minichannel). In the inlet and the outlet of the minichannel pressure converters and thermocouples are installed. In addition to the test section, the main loop consists is configuration of the following elements ( (14) with monitor (15), and computer with frame grabber (16), monitor and specialist software. The registration of the remaining measurement data is carried out with (Keithley 500 A) data acquisition station (17), equipped with (ViewDac) software installed on another computer (18) . When the refrigerant flows along the minichannel, the increase in the electric power supplied to the heating foil causes boiling incipience in the minichannel. This is observed as a 'boiling front', which moves upstream together with the increase in applied heat flux [1] [2] [3] . The 'boiling front' is identified as a sudden drop in the temperature of the heating surface following its rise, at constant capacity of the internal heat source. Observation of the two-dimensional temperature distribution on the heating surface of the minichannel is possible owing to the liquid crystal thermography. A calibration procedure has to precede the virtual boiling heat transfer investigation. Its aim is to assign corresponding temperature values to the hues observed on the surface covered with liquid crystals.
4 Two-dimensional model
Problem formulation
In the two-dimensional approximation of heat transfer through major elements of the test section (Fig. 2) , there occurs a direct problem in the glass barrier and an inverse problem in the heating foil [1, 2] . To solve them, temperature measurements in the foil on the glass-side boundary, obtained thanks to the application of liquid crystal thermography, are used. When solving the inverse problem (no boundary condition on the boundary y = δ G + δ F ), the temperature field and heat flux density in the foil on the boundary y = δ G + δ F are determined. Local values of the heat transfer coefficient are calculated with the assumption of linear temperature distribution of the fluid flowing along the minichannel (measurement at minichannel inlet/outlet). It is assumed that in the foil operates a heat source of constant efficiency, distributed evenly in the entire volume of the foil. This volumetric heat flux supplied to the heating wall is determined from the formula
The temperature of the glass barrier, T G (x, y), satisfies the Laplace's equation
where The temperature of the heating foil T F (x, y) satisfies the equation
where
is the coordinate of the first temperature measurement point, and x P is the coordinate of the final temperature measurement point. For y = δ G (the foil-glass boundary), the following conditions have been assumed:
Conditions on other boundaries:
The problem thus formulated was solved by means of the Trefftz functions (T -functions) [7] [8] [9] [10] [11] [12] . These functions are used to solve both direct and inverse problems. The basic property of Trefftz functions is satisfying the governing equation. In the problem being discussed here, it is the Laplace's equation (2) . What remains to be done is to adjust the linear combination of Trefftz functions to required initial and boundary conditions, and -in the case of inverse problems -also to the measurements, e.g., temperature. In order to determine the value of heat transfer coefficient on the boundary, y = δ G + δ F , the temperature of the glass barrier, T G (x, y), is first determined from the solution of the direct problem, and subsequently the foil temperature, T F (x, y), is determined from the solution of the inverse problem. Knowing the foil temperature distribution enables the determination of local values of heat transfer coefficient on the heating foil-liquid boundary in the minichannel from the condition
where α is the sought heat transfer coefficient, and T l (x) is liquid temperature, approximated linearly along the entire minichannel length.
Finite element method with the use of T -functions
The solution method for Eqs. (2) and (3) is a generalisation of the method presented in [13] . In order to solve the formulated problem, domains Ω G and Ω F are divided into elements Ω 
With the assumption that the temperaturesT jk G at the nodes (x k , y k ) of the element Ω j G are known, coefficients A jn are calculated from the linear systems of equations
In the abbreviated version, Eqs.
(13) take the form [v][A] = [T ], whence upon inverting the matrix [v], [A] = [v] −1 [T ] = [V ] [T ] is obtained. Therefore,
Substituting (14) into (12), the base functions for the element Ω j G are obtained in the following form:
These functions strictly satisfy Eq. (2) and have the following property:
where (x jm , y jm ) are the nodes of the element Ω 
where j is the number of the element in the domain Ω G , k is the number of the node in the j-th element, n is the number of the node in the domain Ω G , nn is the number of nodes in the j-th element.
The unknown coefficientsT n G of the linear combination (17) are determined by minimization of the functional H G :
where L1 is the number of elements in the Ox axis direction, L2 is the number of elements in the Oy axis direction. In a similar way, foil temperature is determined. In each element Ω j F , it is presented in the form of a linear combination of base functions ϕ jk (x, y) defined by the Eq. (15)
where j is the number of the element in the domain Ω F , n is the number of the node in the domain Ω F , u(x n , y n ) is the value of the particular solution in the n-th node of the domain Ω F , whereas k and nn carry the same meaning as in the Eq. (17) . The unknown coefficientsT n F of the linear combination (19) are determined by minimization of the functional H F :
where L3 is the number of elements in the Ox axis direction, L4 is the number of elements in the Oy axis direction.
Error analyses

The accuracy of heating foil temperature measurements
by liquid crystal thermography and heat source efficiency measurement error
Evaluation of the accuracy of heating foil temperature measurements with liquid crystals thermography and heat source efficiency measurement error were discussed in [2] . Mean temperature measurement error of heating foil by liquid crystal thermography ∆T F = 0.86 K was obtained. The value of the relative heat source efficiency measurement amounted to 2.04%.
Measurement error of heat transfer coefficient
The mean relative error of heat transfer coefficients, similarly as in the work [1] , was determined from the following formula:
The heat transfer coefficient
is determined by formula (11) , where ∆λ F is the accuracy of the heat conductivity determination, ∆λ F = 0.01 W/(mK); ∆T F is the accuracy of the foil temperature approximation (since the foil is very thin, we can assume that ∆T F is equal to the error of the temperature measurement on the boundary y = δ G ), ∆T F (x k , δ G ) = 0.86 K; ∆T l is the liquid temperature measurement er-
∂y∂x ∆x , here ∆x denotes distance between the measuring points: ∆x = 7.388 × 10 −4 m. Table 1 presents examples of mean relative errors of the heat transfer coefficient. The mean relative error is in the range 3.06 to 3.41% and it tends to increase with the heating flux supplied to the heating area.
Experimental results
Boiling incipience is recognised as a sudden drop in the heating surface temperature that follows its systematic increase at constant capacity of the internal heat source. It is called 'boiling front' (BI) and it shifts in the direction opposite to the fluid flow in the minichannel with the increase in heat flux supplied to the heating surface [1] [2] [3] . Figure 3 shows examples of hue distribution on the foil surface, obtained with liquid crystal thermography, with a visible 'boiling front'. Mean relative error (see Fig. 4 Applied finite element method in combination with Trefftz method (FEMT) has used four T -functions: 1, x, y, xy. In the domains Ω G and Ω F , a rectangular mesh, parallel to the coordinate system axis, has been introduced. The domain Ω G has been divided into 2 849 elements, and Ω F into 651-1169 elements. In the domain Ω G 3264 nodes have been placed, and in the domain Ω F from 1304 to 2340 nodes. In each element Ω 
Conclusions
The paper presents the procedure of determining of the heat transfer coefficient by solving the inverse problem in the heating foil and the ancillary direct problem in the glass barrier. The problem under study has been solved by means of the finite element method in combination with the Trefftz method. Lagrange interpolation with the Trefftz function has been used for the construction of base functions in the finite element method. This is an analytical and numerical approach and the inverse problem has been solved in the same way as the direct one. This method allows solving problems which lack the boundary condition or when the number of boundary conditions is excessive. In issues lacking the boundary condition, information collected from the measurements at points close to the boundary is required. In the considered problem the temperature of the heating foil is derived from measurements at y = δ G since no condition at y = δ G + δ F is available. The determined approximates of the glass barrier and heating foil temperatures strictly satisfy the respective differential equations (2) and (3). In the FEMT, the condition (4) is strictly satisfied (element nodes are placed at measurement points), while the remaining boundary conditions are approximately satisfied.
In the minichannel flow boiling, considerable heat transfer enhancement takes place at boiling incipience. It is observed as a sharp increase in the heat transfer coefficient.
